Abstract. In this paper, we investigate the dynamics on the hyperspace induced by a non-autonomous dynamical system (X, F), where the non-autonomous system is generated by a sequence ( f n ) of continuous self maps on X. We relate the dynamical behavior of the induced system on the hyperspace with the dynamical behavior of the original system (X, F). We derive conditions under which the dynamical behavior of the non-autonomous system extends to its induced counterpart (and vice-versa). In the process, we discuss properties like transitivity, weak mixing, topological mixing, topological entropy and various forms of sensitivities. We also discuss properties like equicontinuity, dense periodicity and Li-Yorke chaoticity for the two systems. We also give examples when a dynamical notion of a system cannot be extended to its induced counterpart (and vice-versa).
INTRODUCTION
For many years, dynamical systems have been studied to investigate many of the physical or natural phenomenon occurring in nature. Using dynamical systems, long term behavior of various natural phenomenon have been predicted to sufficient accuracy and many of the underlying processes have been investigated using the theory of dynamical systems [5, 13] . In many cases, the structure of underlying space is a pivotal factor in determining the dynamical behavior of the system. This has resulted in further investigations in the field of topological dynamics and a lot of work in this area has already been done [3, 4, 5] . However, most of the phenomenon occurring in nature arise collectively as union of several individual components and hence set valued dynamics plays an important role in understanding any of these phenomenon. Such an approach has found applications in various branches of sciences and engineering [6, 9, 14] . Thus there was a strong need to develop and understand the dynamical behavior of the induced set valued systems. As a result, many of the natural questions relating the dynamical behavior of a system and its set valued counterpart have been raised and answered [1, 10, 11] . However, most of the investigations have been made when the rule determining the underlying system is time-invariant. Such an approach fails to investigate the dynamics of a general system as the governing rule of a natural phenomenon may change with time. Thus there is a need to understand the dynamics of the induced system when the underlying system is non-autonomous in nature. In this paper, we investigate the dynamical behavior of the induced system, when induced by a non-autonomous system. We prove that many of the results for the non-autonomous case are analogous extensions of the autonomous case. We derive conditions under which the dynamical behavior of a system is extended to the hyperspace(and vice-versa).
In the process, we discuss properties like dense periodicity, various forms of mixing and sensitivity, equicontinuity and Li-Yorke chaoticity for the two systems. We establish our results when the hyperspace is endowed with a general admissible hyperspace topology. Before we move further, we provide some of the basic concepts required.
1.1. Dynamical Systems. Let (X, d) be a compact metric space and let F = { f n : n ∈ N} be a family of continuous self maps on X. Let (X, F) denote the non-autonomous system generated by the family F via the rule x n = f n (x n−1 ). For any point x ∈ X, { f n • f n−1 •. . .• f 1 (x) : n ∈ N} defines the orbit of x. The objective of study of any non-autonomous dynamical system is to investigate the orbit of an arbitrary point x in X. For notational convenience, let ω n (x) = f n • f n−1 • . . . • f 1 (x) denote the state of the system after n iterations.
A point x is called periodic for F if there exists n ∈ N such that ω nk (x) = x for all k ∈ N. The least such n is known as the period of the point x. The system (X, F) is equicontinuous at a point x ∈ X if for each ǫ > 0, there exists δ > 0 such that d(x, y) < δ implies d(ω n (x), ω n (y)) < ǫ for all n ∈ N, y ∈ X. The system is called equicontinuous if it is equicontinuous at each point of X. The system (X, F) is uniformly equicontinuous if for each ǫ > 0, there exists δ > 0 such that d(x, y) < δ implies d(ω n (x), ω n (y)) < ǫ for all n ∈ N, x, y ∈ X. The system (X, F) is transitive (or F is transitive) if for each pair of open sets U, V in X, there exists n ∈ N such that ω n (U) V φ. Let
The system (X, F) is called n-transitive if the system (X, F n ) is transitive. If (X, F) is n-transitive for each n ∈ N, then the system is called totally transitive. The system (X, F) is said to be weakly mixing if for any two pairs U 1 , U 2 and V 1 , V 2 of non-empty open subsets of X, there exists a natural number n such that ω n (U i ) V i φ for i = 1, 2. Equivalently, we say that the system is weakly mixing if F×F is transitive. The system (X, F) is said to be weakly mixing of order k if for any collection U 1 , U 2 , . . . , U k and V 1 , V 2 , . . . , V k of non-empty open subsets of X, there exists a natural number n such that ω n (U i ) V i φ for i = 1, 2, . . . , k. The system is said to be topologically mixing if for every pair of non-empty open sets U, V in X, there exists a natural number K such that ω n (U) V φ for all n ≥ K. The system is said to be sensitive if there exists a δ > 0 such that for each x ∈ X and each neighborhood U of x, there exists n ∈ N such that diam(ω n (U)) > δ. If there exists K > 0 such that diam(ω n (U)) > δ, ∀n ≥ K, then the system is cofinitely sensitive. A system (X, F) is expansive(δ-expansive) if for any pair of distinct elements x, y ∈ X, there exists
A set S is said to be δ-scrambled if for any distict pair of points x, y ∈ S, lim sup
A system is called Li-Yorke sensitive if there exists δ > 0 such that for each x ∈ X and each neighborhood U of x, there exists y ∈ U such that {x, y} is a δ-scrambled set. A system (X, F) is said to be Li-Yorke chaotic if it contains an uncountable scrambled set. A dynamical system (X, f ) has chaotic dependence on initial conditions if for any x ∈ X and any neighborhood U of x there exists y ∈ U such that lim sup
In case the f n 's coincide, the above definitions coincide with the known notions of an autonomous dynamical system. See [3, 4, 5] for details.
We now define the notion of topological entropy for a non-autonomous system (X, F).
Let X be a compact space and let U be an open cover of X. Then U has a finite subcover. Let L be the collection of all finite subcovers and let U * be the subcover with minimum cardinality, say 
Then sup h F,U , where U runs over all possible open covers of X is known as the topological entropy of the system (X, F) and is denoted by h(F). In case the maps f n coincide, the above definition coincides with the known notion of topological entropy. See [3, 4] for details.
1.2. Hyperspaces. Let (X, τ) be a Haudorff topological space. A hyperspace associated with (X, τ) is a pair (Ψ, ∆) where Ψ comprises of a subfamily of all non-empty closed subsets of X and ∆ is a topology on Ψ generated using topology on X. The set Ψ may comprise of all compact subsets of X or all compact-connected subsets of X or all closed subsets of X. A hyperspace topology is called admissible if the map x → {x} is continuous. More generally, if Ψ and ∆ are fixed, the induced space (Ψ, ∆) is called the hyperspace generated from the space (X, τ). Let CL(X) and K(X) denote set of all non-empty closed and non-empty compact subsets of X respectively. We now give some of the standard hyperspace topologies.
Let I be a finite index set and for all such I, let {U i : i ∈ I} be a collection of open subsets of X. Define for each such collection of open sets, < U i > i∈I = {E ∈ CL(X) : E ⊆ i∈I U i and E U i φ ∀i} The topology generated by such collections is known as the Vietoris topology.
Let (X, d) be a metric space. For any two closed subsets
and B ⊆ S ǫ (A)} It is easily seen that d H defined above is a metric on CL(X) and is called Hausdorff metric on CL(X). This metric preserves the metric on X, i.e. d H ({x}, {y}) = d(x, y) for all x, y ∈ X. The topology generated by this metric is known as the Hausdorff metric topology on CL(X) with respect to the metric d on X.
It is known that the Hausdorff metric topology equals the Vietoris topology if and only if the space X is compact.
Let Φ be a subfamily of the collection of all non-empty closed subsets of X. The Hit and Miss topology determined by the collection Φ is the topology having subbasic open sets of the form U − where U is open in X and (E c ) + with E ∈ Φ. As a terminology, U is called the hit set and any member E of Φ is referred as the miss set. A typical basic open set for the Upper Vietoris topology on the hyperspace CL(X) is of the form U + where U is open in X. Thus, given a closed set C, a typical member of the base in the Upper Vietoris topology is the set whose elements are the elements of the hyperspace disjoint from the closed set C.
It is observed that the Vietoris topology equals the join of Upper Vietoris and Lower Vietoris topology, and is infact an example of a hit and miss topology. More generally, it is known that any admissible hyperspace topology is of hit-and-Miss or Hit and Far Miss type. See [2, 7, 8] for details.
Main Results
Let (X, F) be a non-autonomous topological dynamical system and let Ψ ⊂ K(X) be a hyperspace admissible with F, i.e. for any A ∈ Ψ,ω k (A) ∈ Ψ for all k ∈ N. Then for any initial seed A 0 ∈ Ψ, the non autonomous system (X, F) induces a non-autonomous system (X, F) on the hyperspace via the relation A n = f n (A n−1 ) = ω n (A 0 ). Let ω k (A) denote the state of the point A(in the hyperspace) after k iterations. Let the hyperspace be endowed with a topology such that the each of the induced non-autonomous system (X, F) is continuous. It is intuitive to question the relation between the dynamical behavior of the non-autonomous system and its induced counterpart. For example, if a given non-autonomous system is transitive/weakly mixing/topologically mixing, what can be concluded about its induced counterpart (and vice-versa). If a given non-autonomous system exhibits sensitivity/strong sensitivity/Li-Yorke sensitivity, what can be concluded about its induced counterpart (and vice-versa). What dynamics does the induced system exhibit when the original system is equicontinuous? Such questions have been raised and answered in case of an autonomous system [1, 10, 11] . We prove that answers to many of the question remain the same in a non-autonomous setting and hence most of the results obtained for the autonomous case can be extended analogously to the non-autonomous case. We prove that the induced system is topologically mixing if and only if the original system is topologically mixing. We prove that strong sensitivity is also equivalent for the two systems under consideration. We prove that if F is commutative then a system exhibits weak mixing of all orders if and only if the induced system is weak mixing. We extend our studies to properties like dense periodicity, transitivity, equicontinuity, uniform equicontinuity, various notions of sensitivities and Li-Yorke chaos. We now establish the stated results. Proposition 1. Let F (X) ⊆ Ψ and Ψ be endowed with any admissible hyperspace topology. Then, (X, F) has dense set of periodic points ⇒ (Ψ, F) has dense set of periodic points.
Proof. Let the hyperspace Ψ be endowed with an admissible topology ∆. As every admissible topology on the hyperspace is of hit and miss or hit and far miss type, let the topology ∆ be determined by the collection C. Let U be a non empty basic open set in the hyperspace. Then U hits finitely many open sets, say V 1 , V 2 , . . . , V n and misses(far misses) finitely many elements of C say, C 1 , C 2 , . . . , C m . Let C = C j . Thus each W i = V i C c is non-empty, open in X. As periodic points are dense for (X, F), there exists x i ∈ W i and an integer r i ∈ N such that for any i = 1, 2, . . . , n, ω r i k (x i ) = x i ∀k ∈ N. Let l = lcm{r 1 , r 2 , . . . , r n }. Then the set {x 1 , x 2 , ...x n } is periodic with period l. As {x 1 , x 2 , . . . , x n } ∈ U, the hyperspace has a dense set of periodic points.
Remark 1. The above proof establishes that if the hyperspace contains all finite sets then the denseness of periodic points is extended to the hyperspace when the hyperspace is endowed with any admissible hyperspace topology. The proof is analogous to the autonomous case and is a natural extension of the result established in [10] . We now give an example to show that the converse of the above does not hold good.
Example 1.
Let Σ be the space of all one-sided sequences of 0 and 1 and let φ : Σ → Σ be defined as f (x = (x 1 x 2 . . .)) = x + (100 . . .) where addition is performed with carry to the right. It is known that (Σ, φ) does not contain any periodic point but the cylinder sets [x 1 x 2 . . . x k ] are periodic and hence the hyperspace (K(Σ), φ) has dense set of periodic points [1] . Let I be the identity operator on Σ and let the non-autonomous system (X, F) defined by the family F = {I, φ, I, φ, . . . , I, φ, . . .}. Then, (X, F) fails to contain any periodic point but (K(Σ), F) exhibits dense set of periodic points. Thus the converse of the above result fails to hold for the non-autonomous system.
Proposition 2.
If there exists a base β for the topology on X such that U + is non empty and U + ∈ ∆ for every U ∈ β, then (Ψ, F) is transitive ⇒ (X, F) is transitive.
Proof. Let U and V be any two non-empty open sets in X. As β forms a base for topology on X, there exists U 1 , V 1 ∈ β such that U 1 ⊆ U and V 1 ⊆ V. As U 
. Consequently for any a ∈ A, a ∈ A ⊂ U 1 ⊂ U and ω k (a) ∈ V 1 ⊂ V and hence (X, F) is transitive.
Remark 2. The above proof establishes the transitivity of the original function from the transitivity of the induced function. The result is an analogous extension from the autonomous case and does not come up as a surprise in the non-autonomous setting. It may be noted that identical arguments of the proof establish the n-transitivity of (X, F) from n-transitivity of the induced system and hence total transitivity on the hyperspace implies total transitivity of (X, F). Thus we get the following corollary.
Corollary 1.
If there exists a base β for the topology on X such that U + is non empty and U + ∈ ∆ for every U ∈ β, then (Ψ, F) is totally transitive ⇒ (X, F) is totally transitive. Proposition 3. Let F (X) ⊆ Ψ. If F is weakly mixing of all orders then F is weak mixing. Further, if F is commutative and there exists a base β for topology on X such that U + ∈ ∆ for every U ∈ β then F is weak mixing ⇒ F is weakly mixing of all orders.
Proof. Let the topology ∆ on the hyperspace be determined by the collection C and let 
Hence F is weakly mixing.
Conversely, let U 1 , U 2 , . . . , U m and V 1 , V 2 , . . . , V m be non-empty open sets in X. As β is the base for the topology on X, ∃ U 11 , U 22 , . . . , U m and V 11 , V 22 , . . . , V mm ∈ β such that U ii ⊆ U i and V ii ⊆ V i for i = 1, 2, . . . , m. As f n 's commute in the original system, f n commutes on the hyperspace and hence by [12] the induced system is n-transitive for any n ∈ N. Hence for open sets {U + ii : i = 1, 2, . . . , m} and {V
φ and the proof is complete.
Remark 3. The above proof establishes that for a commutative family F, weak mixing on the hyperspace is equivalent to weak mixing of all orders in the original system. It may be noted that the forward part of the proof does not require commutativity of the family F and arguments similar to the converse establish weak mixing of order m in the original system from weak mixing of order m of the induced system without using the commutativity of F. Thus the result more generally establishes that the original system is weak mixing of all orders if and only if the induced system is weak mixing of all orders. Further, as weak mixing of all orders is equivalent to weak mixing of second order for a commutative family F, the result establishes equivalence of weak mixing for the two systems when the non-autonomous system is induced by a commutative family. Hence we get the following corollaries.
Corollary 2. Let F (X) ⊆ Ψ. If there exists a base β for topology on X such that U + ∈ ∆ for every U ∈ β, then (X, F) is weakly mixing of all orders if and only if (Ψ, F) is weak mixing of all orders. Corollary 3. Let F (X) ⊆ Ψ. If F is commutative and there exists a base β for topology on X such that U + ∈ ∆ for every U ∈ β, then (X, F) is weakly mixing if and only if (Ψ, F) is weak mixing.
Remark 4. For the results derived so far, it may be noted that the proofs establish analogous extensions of results known for the autonomous systems. Moreover, it is observed that not only the statements but arguments similar to the autonomous case hold good in the nonautonomous case and thus give rise to the analogous extensions. This happens due to the fact that many of the proofs for the autonomous case do not use the fact that the governing rule is constant with respect to time and hence similar techniques or methodology can be used to derive the results for the non-autonomous case. For example the proof establishing the equivalence of topological mixing for the two systems (X, f ) and (Ψ, f ) uses the fact that if every pair (U, V) of non-empty open sets interacts at times n ≥ n U,V , then open sets U 1 , U 2 , . . . , U n and V 1 , V 2 , . . . , V m also interact for n ≥ K where K = max{n U i ,V j : 1 ≤ i ≤ n, 1 ≤ j ≤ m} and hence a similar technique yields equivalence of topological mixing for the two systems in the non-autonomous case. Similarly, if for each non-empty open set U there exists n U ∈ N such that diamω n (U) ≥ δ, ∀n ≥ n U then for any finite collection of non-empty open sets U 1 , U 2 , . . . , U m there exists K = max{n U i : i = 1, 2, . . . , m} such that diam(ω n (U i )) ≥ δ, ∀n ≥ K and i = 1, 2, . . . , m and hence a proof similar to the autonomous case yields equivalence of strong sensitivity for the two systems in the non-autonomous case(when the hyperspace K(X) is equipped with the Hausdorff metric). Such arguments does not use the fact that the governing rule is constant with time and hence also hold good for the non-autonomous systems. Similar observations can be made about the proofs involving properties like sensitivity, equicontinuity and LiYorke chaoticity. We now state the results for the non-autonomous systems whose autonomous version do not use constancy of f and hence are trivial extensions of their autonomous versions. F) is topologically mixing, then so is (Ψ, F). The converse holds if there exists a base β for topology on X such that U + ∈ ∆ for every U ∈ β.
Remark 5. The above results analogously relate the dynamical behavior of a non-autonomous system with its induced counterpart establishing the equivalence of topological mixing and strong sensitivity for the non-autonomous case. The results also establish that if the induced system is sensitive then the original system is also sensitive. However, for the converse it is known that there exist sensitive autonomous systems (X, f ) such that induced system is not sensitive [11] . We now establish existence of a sensitive nonautonomous system (X, F) such that the induced system is not sensitive.
Example 2. Let (X, f ) be a sensitive autonomous systems such that induced system is not sensitive and let I be the identity operator on X. Let F = { f, I, f, I, . . . , f, I, . . .}. As ω 2k−1 (A) = f k (A) for any A ⊂ X, sensitivity of (X, f ) implies sensitivity of (X, F). Further as (K(X), f ) is not sensitive,
Conclusion
In this work, we have established relation between the dynamical behavior of a non-autonomous system and its induced counterpart. We have established that while properties like topologically mixing, strong sensitivity and uniform equicontinuity are equivalent for the two systems (X, F) and (Ψ, F), weak mixing is equivalent for the two systems when the family F is commutative. We establish that if induced system is sensitive or transitive then the original system exhibits similar dynamical behavior. It is observed that the results obtained for the non-autonomous case are analogous extensions of their autonomous versions. It is further observed that many of the proofs for the autonomous version do not use the autonomous nature of the system and hence many of the results for the autonomous case extend naturally to the non-autonomous case. Further, as commutativity of the family F establishes equivalence of weak mixing for the two systems, it is expected that if the non-autonomous system is "nice enough", many of the results from the autonomous case can be extended to the non-autonomous version. As a result one may consider properties like distality, minimality, syndetic sensitivity and other dynamical notions for further investigation. It may also be possible to improve(under additional natural conditions) results for properties like Li-Yorke sensitivity, Li-Yorke chaoticity and topological entropy. However we do not consider these questions in this article and leave them open for further investigation. It is emphasised that if the system is "nice enough", the dynamical behavior between the two systems does not change drastically when compared to the autonomous version. The result is an indicator of the qualitative stability of the long term behavior as any autonomous(non-autonomous) system can be approximated using non-autonomous(autonomous) system.
